Given a class of compact spaces, we ask which groups can be maximal parabolic subgroups of a relatively hyperbolic group whose boundary is in the class. We investigate the class of 1-dimensional connected boundaries. We get that any non-torsion infinite f.g. group is a maximal parabolic subgroup of some relatively hyperbolic group with connected one-dimensional boundary without global cut point. For boundaries homeomorphic to a Sierpinski carpet or a 2-sphere, the only maximal parabolic subgroups allowed are virtual surface groups (hyperbolic, or virtually Z + Z).
The Margulis Lemma implies that maximal parabolic subgroups of geometrically finite Kleinian groups are virtually abelian. More generally, the parabolic subgroups of a geometrically finite group on a Hadamard manifold with pinched negative curvature are virtually nilpotent.
A natural generalization of the class of geometrically finite groups is the class of relatively hyperbolic groups. They were first introduced by M. Gromov [9] , and studied by B. Bowditch [2] , and independantly by B. Farb [7] . We will follow Bowditch's approach (see [2] [13] and [4] (appendix) for equivalence of definitions). A finitely generated (f.g.) group Γ is hyperbolic relative to a family of f.g. subgroups G, in the sense of [2] , if it acts on a proper hyperbolic length space, such that the action induced on the boundary is a geometrically finite convergence action, whose maximal parabolic subgroups are the elements of G. The definitions are developed in the first section below. The boundary of such a space is shown in [2] to be canonically associated to the pair (Γ, G). We call it the Bowditch boundary of the relatively hyperbolic group.
In this paper, we will see that the consequence of the Margulis Lemma mentionned above is, to a large extend, false for relatively hyperbolic groups, but may remains true for certain specific classes of boundaries.
In fact, it is easy to construct counterexamples, that is, relatively hyperbolic groups with an arbitrary f.g. parabolic subgroup H: it suffices to consider the free HNN extension H * {1} . It is hyperbolic relative to the conjugates of H (see Definition 2 in [2] , where the graph involved is the Serre tree). However, the Bowditch boundary of this group is not connected. It is a Cantor set ( [2] , [5] ).
Our first theorem is a non-trivial generalisation of this example.
Theorem 0.1 Let H be an infinite f.g. group which is not a torsion group. Then, there exists a relatively hyperbolic group Γ, containing H as a maximal parabolic subgroup, and whose boundary is connected, locally connected, 1-dimensional compact space without global cut point.
To prove this result, we will make use of the Combination Theorem of [5] for amalgamations over infinite cyclic groups. This is done in Section 2. In the beginning of this section, we also give a very short proof, but still using the Combination Theorem, of the same result without the requirement of absence of global cut points. In both cases, the amalgamations over cyclic groups introduce local cut points in the boundary.
In [11] , M. Kapovich and B. Kleiner proved that, if the boundary of a hyperbolic group is one-dimensional connected and have no local cut point, then it is a Sierpinski carpet or a Menger curve. Their argument, recalled in section 3, remains valid for boundaries of relatively hyperbolic groups. This gives motivation for the generalisation of another of their results (Theorem 5 in [11] ).
Theorem 0.2 Let G be a relatively hyperbolic group whose Bowditch boundary is a Sierpinski carpet. There exists a relatively hyperbolic group Γ whose boundary is a 2-sphere, and in which G embeds as a fully quasi-convex subgroup (in the sense of [5] ).
With this theorem, we will get a positive result for our original question for relatively hyperbolic groups whose boundary is a Sierpinski carpet.
Theorem 0.3 If (Γ, G) is a relatively hyperbolic group whose boundary is a Sierpinski carpet or a 2-sphere, then the maximal parabolic subgroups of Γ are virtual surface groups.
If only minimal families of parabolic subgroups are to be considered, the theorem becomes:
Corollary 0.4 (Corollary 3.10)
Let (Γ, G) be a relatively hyperbolic group, such that G is minimal for this property, and whose boundary is a Sierpinski carpet or a 2-sphere. Then every element of G is virtually Z + Z.
As we mentionned, according to the result of M.Kapovich and B.Kleiner, if the boundary of a relatively hyperbolic group is connected one-dimentionnal and without local or global cut point, it is a Sierpinski carpet or a Menger curve. Thus, Theorem 0.1 and Theorem 0.3 give information on the possible parabolic subgroups of relatively hyperbolic groups whose boundaries are one-dimensional connected compact spaces, except the Menger curve. This remaining case is still unclear to us, although we can mention that a bounded parabolic group acting on it must have one end (Proposition 3.2). I would like to thank A. Szczepanski for the discussions we had about related problems, and S. Maillot, who helped me to simplify a part of the proof.
About relatively hyperbolic groups
We briefly set the framework. The concept of relatively hyperbolic group has been suggested by M.Gromov, and elaborated on by B.Bowditch and independantly by B.Farb. For more details and different equivalent definitions, see [2] [7] [9] .
We recall that a group G acts on a compact space K as a convergence group, if it acts properly discontinuously on the space of distinct triple of G. A point ξ ∈ K is a conical limit point if there exists a sequence g n of elements of G and two distinct elements a = b in K such that g n ξ → a and g n ζ → b for all ζ ∈ K \{ξ}. Finally, ξ ∈ K is a bounded parabolic point if its stabilizer Stab(ξ) acts properly discontinuously and co-compactly on K \ {ξ} (see [1] [2] [14] ). The action of a convergence group on a compact space is geometrically finite if this compact space consists only of conical limit points and bounded parabolic points. The maximal parabolic subgroups are then the stabilizers of the parabolic points. Definition 1.1 (Relatively hyperbolic groups) [2] Let Γ be a f.g. group, and G be a family of f.g. subgroups of Γ. We say that (Γ, G) is a relatively hyperbolic group if Γ acts on a proper Gromov-hyperbolic length space X, and on its boundary ∂X as a geometrically finite convergence group, such that the maximal parabolic subgroups are precisely the elements of G.
The compact space ∂X is canonically associated to (Γ, G), and we call it the Bowditch boundary of the relatively hyperbolic group, denoted by ∂Γ. Definition 1.2 (Fully quasi-convex subgroups) [5] Let (G, G) and (H, H) be two relatively hyperbolic groups, and assume that H is a subgroup of G. It is quasi-convex if its limit set ΛH ⊂ ∂G is equivariantly homeomorphic to its boundary ∂H. It is fully quasi-convex if moreover any infinite family of G/Htranslates of ΛH intersect trivially together.
We will make use of a special case of the Combination Theorem of [5] , and we recall here the statement we need.
1. Let Γ be the fundamental group of an acylindrical finite graph of relatively hyperbolic groups, whose edge groups are fully quasi-convex subgroups of the adjacent vertices groups. Let G be the family of the images of the maximal parabolic subgroups of the vertices groups, and their conjugates in Γ. Then, (Γ, G) is a relatively hyperbolic group.
2. Let G be a group which is hyperbolic relative to a family of subgroups G, and let P be a group in G. Let A be a finitely generated group in which P embeds as a subgroup. Then, Γ = A * P G is hyperbolic relative to the family (H ∪ A), where H is the set of the conjugates of the images of elements of G not conjugated to P in G, and where A is the set of the conjugates of A in Γ.
Moreover, in both cases, if the topological dimensions of the boundaries of the vertex groups (resp. of the edge groups) are smaller than r (resp. than s), then dim(∂Γ) ≤ Max{r, s + 1}.
Finally, if the boundaries of every vertex groups are connected, and if the boundaries of every edge groups are non empty, the boundary of Γ is connected.
The last assertion is not adressed in [5] . However, it is an easy corollary of the construction of the boundary in [5] . Indeed, let T be the Bass-Serre tree and ∂T its boundary, let Ω be the disjoint union of the boundaries of the vertex stabilizers in T , and ∼ be the equivalence relation obtained by gluing together the boundaries of the stabilizers of any two adjacent vertices along the limit set of the corresponding edge stabilizer. Then, it is shown in [5] that ∂Γ = ∂T ∪ Ω/ ∼ . With the hypothesis of the last assertion, it is easy to see that Ω/ ∼ is connected, and it is dense in ∂Γ.
indicate in the process of the construction the point where the reader only interested in existence of relatively hyperbolic groups with connected boundaries with a given parabolic subgroup may stop: this is Proposition 2.1. This first construction will be done easily with the Combination Theorem, but we keep a trace of the behaviour of the cut points. Then we will perform a little more delicate construction in order to get a boundary without cut point.
Proof of Theorem 0.1. We fix a f.g. group H that has an element h of infinite order:
Let F be a free group of rank 2, F = F (a, b), and let F consists of the conjugates of the cyclic subgroup generated by the commutator [a, b]. It is well known (see [7] ) that (F, F) is a relatively hyperbolic group, and that its boundary ∂F is a circle. We choose Γ c to be the amalgamated free product H * Z F , where Z is identified with < h > in H, and with < [a, b] > in F . By the Combination Theorem 1.3, it is hyperbolic relative to the family of the conjugates of H, its boundary is connected, and has topological dimension 1. This proves the proposition:
Let H be a f.g. group which is not an infinite torsion group. Then, there exists a relatively hyperbolic group Γ c , containing H as a maximal parabolic subgroup, and whose boundary is connected 1-dimensional compact space.
Let us describe more precisely the boundary of Γ c . Let T be the Serre tree of the amalgamation. In order to avoid confusion with another graph of groups to come, we denote the vertices and the edges of T by greek letters (ν and ǫ). Let ν F and ν H be two adjacent vertices in T stabilized respectively by F and H. One has
where the relation ∼ is the identification, for any adjacent vertices γν H and γ ′ ν F , of the point γν H with the parabolic point of ∂(Stab(γν F )) fixed by the stabilizer of the edge between γν H and γ ′ ν F . By an abuse of notation, we will identify Γν H to the set of parabolic points in ∂Γ c , that is to its image after the identification ∼ (note that this quotient is injective on the set Γν H ).
Let (ǫ i ) i∈I the set of edges adjacent to ν H , and for every index
Note that this set contains the parabolic point ν H since this latter is identified to a parabolic point of the boundary of the stabilizer of the vertex of ǫ i \ {ν H }.
It is easily seen that the set of global cut points of ∂Γ c is the set of the parabolic points, and that given a parabolic point γν H , the connected components of ∂Γ c \ {γν H } are precisely the sets γ(C i \ {ν H }) for i ∈ I. Lemma 2.2 Let ǫ i and ǫ j two distinct edges of T adjacent to ν H . Let h ∈ H such that hǫ i = ǫ j , and let σ be an element of Γ not in H, fixing the other vertex of ǫ i . Then γ = σh is a loxodromic isometry of T , is loxodromic for the action on ∂Γ c , and one of its two fixed point is in C i while the other is in C j .
Proof. We will find two fixed points of γ in ∂T , joined in the tree T by a bi-infinite geodesic containing ǫ i and ǫ j . Let g 1 = ǫ i . We define by induction g n+1 to be the concatenation ǫ i (γg n ). We prove by induction that each g n is a segment of length n in T , whose first vertex is ν H , and first edge is ǫ i . Assume that this is true for g n . Then hg n is a geodesic segment starting at the vertex ν H and by the edge ǫ j . Therefore it does not contain ǫ i , hence it does not contain the vertex τ (ǫ i ) of ǫ i \ {ν H } fixed by σ. Therefore, σhg n is a geodesic segment starting at τ (ǫ i ) and not containing ǫ i . Therefore, we have proved the claim for g n+1 . Taking the limit, this gives a ray g +∞ in T starting at ν H , and ǫ i , and that is sent into itself by the action of the monoid < γ > + of the non-negative powers of γ. The point at infinity of this ray is clearly the limit of γ n ν H , and therefore is a fixed point of γ.
Note that
, we see that σ ′ fixes the vertex of ǫ j that is not ν H . The same process as before, changing the i into j and vice versa, gives a geodesic ray g −∞ starting at ν H and ǫ j . Again the point at infinity of this ray is a fixed point of γ −1 , hence of γ. This proves the claim.
Let h 1 . . . h s be a set of generators of H. Let X be the graph of groups consisting in s + 1 vertices V 0 . . . V s , of s edges e k = (V 0 , V k ), k = 1 . . . s, such that the group of V 0 is Γ c , the group of every other vertex is a genus 2 surface group Σ, and such that the edge groups are all infinite cyclic, maximal cyclic in the surface groups. By the Combination Theorem, the group π 1 (X) (defined up to conjugacy) is hyperbolic relative to the family of the images of the maximal parabolic groups of Γ c , and their conjugates. Let M be its boundary. It is a connected compact space of dimension 1 by the Combination Theorem. More precisely, letX be the Bass-Serre tree of X, and ∂X its boundary. The boundary of π 1 (X) is
where the relation ∼ is the identification, for any adjacent vertices v, and v ′ , of the limit set in ∂(Stab(v)) and ∂(Stab(v)) of the stabilizer of the edge (v, v ′ ).
Let v Γc be the vertex ofX stabilised by Γ c . We choose a equivariant homeomorphism (hence we will not distinguish in notations) between its limit set in M and the compact set The lemma is a corollary of a result of D. Guralnik (Proposition 2.4.8 in [10] ), asserting that any global cut point in a Péano continuum admitting a cusp uniform group action is a parabolic point.
However, in our case, it is easy to check that any point in ∂X, and any point in the limit set of ∂Stab(v Γc ) that is not a parabolic point, is not a global cut point. Let us prove the second assertion first. The set O is open-closed, and ∂(Stab(v)) is connected, therefore ∂(Stab(v)) ⊂ O. Let us consider a vertex w such that the segment [v, w] does not contain v Γc inX. We denote by e 1 . . . e l the consecutive edges of this segment, and its consecutive vertices are v, v 1 , . . . , v l = w. The set O intersects nontrivially ∂(Stab(v 1 )) since it intersects ∂(Stab(e 1 )). Therefore, since it is open-closed, and since ∂(Stab(v 1 )) is connected, ∂(Stab(v 1 )) ⊂ O. This iteration can be done l times in order to get that O ∩ ∂(Stab(e l )) = ∅, and therefore, by connectedness, ∂(Stab(w)) ⊂ O.
Let us now prove the first assertion. Let ζ be a point in O, and assume that ζ / ∈ ∂(Stab(v Γc )). There are two possibilities. Either ζ ∈ ∂X, or ζ ∈ ∂(Stab(v)) where v is a vertex ofX \ {v Γc }.
If we are in the first case, as O is open, we can deduce that it contains the limit set of the stabilizers of the vertices that are in some neighbourhood of ζ. Therefore, we can assume without loss of generality that we are in the second case.
From the second assertion, we deduce that there exists v a neighbour of v Γc such that ∂(Stab(v)) ⊂ O. As ∂(Stab(v)) ∩ ∂(Stab(v Γc )) consists of the two points that are fixed by the edge between them (these points are not parabolic by choice of the edge groups), O ∩ ∂(Stab(v Γc )) contains every connected component of ∂(Stab(v Γc )) \ {ξ} that contains one of these two points. Proof. The space ∂(Stab(v Γc ))\{ξ} is homeomorphic (by a conjugaison) to ∂Γ c \{v H }, and its connected components are the (C i ) i∈I , indexed by the edges of T (the Serre tree defining Γ c , we do not meanX) adjacent to the vertex v H . Let ǫ and ǫ ′ the edges associated to C and C ′ , and let h ∈ H be such that hǫ = ǫ ′ . We write h = h (1) . . . h (n) , where each h (r) , or its inverse is an element of the generating family h 1 . . . h k of H fixed in the definition of the graph X. Let ǫ 0 = ǫ. We now choose ǫ i = h (n−i) . . . h (n) ǫ, and U i to be C i \ {ν H }, that is the component of ∂Γ c \ {v H } associated to ǫ i . By definition of the graph of groups X, there exists an edge e i+1 of T adjacent to v Γc in the orbit of the edge stabilized by the cyclic group < σh i+1 >. By Lemma 2.2, ∂(Stab(e i+1 )) intersects U i and U i+1 . This proves the Lemma. 3 Boundaries without local cut point, and parabolic groups acting on Sierpinski carpets.
Remarks about boundaries without local cut point
Theorem 0.1 involved free constructions and amalgamations that introduce local cut points in the boundary. We address a few remarks on what can be said if one forbid these local cut points. We note first that the class of boundaries considered consists in fact only of the Sierpinski carpet, and the Menger curve, and we give a basic restriction for the maximal parabolic subgroups. We start by mentionning a result of M.Kapovich and B.Kleiner (stated for hyperbolic groups in [11] ). Proposition 3.1 [11] If the boundary of a relatively hyperbolic group is 1-dimensional, connected, and has no cut point (local or global), then it is either a Sierpinski carpet, or a Menger curve.
Proof. We briefly reproduce the proof of [11] slightly modified for our context. First, from [3] (Corollary 0.2), if the boundary of a relatively hyperbolic group is connected, and has no global cut point, it is locally connected. A compact metrisable connected, locally connected 1-dimensional space is a Menger curve provided it has no local cut point, and no non-empty open subset is planar. If the boundary ∂Γ of a relatively hyperbolic group has a planar non-empty open subset O, then any subset S of ∂Γ homeomorphic to a graph is in fact a planar graph. To see this, consider a parabolic point ξ in O \ S, which is open and non-empty since ∂Γ has no local cut point. There exists such a point ξ since the set of parabolic pointsis dense in ∂Γ). Its stabilizer acts co-compactly on ∂Γ \ {ξ}, therefore, there exists an element γ such that γS ⊂ O, and therefore S is planar. Moreover, any compact, metrizable, connected, locally connected space without cut point, and without non-planar embedded graph, is planar. Therefore ∂Γ is planar, and by the characterisation of [16] (stated below as Theorem 3.3) it is a Sierpinski carpet. Proof . By definition, H acts properly discontinuously and co-compactly on M \ {ξ}, for some point ξ. Since M has no global cut point, this space is connected, locally connected. Moreover, M has no local cut point. Im other words, there is a fundamental system of neighbourhoods of ξ, say U n such that each U n \ {ξ} is connected. Therefore, M \ {ξ} is connected at infinity, in other words it has one end. The group H acts properly discontinuously co-compactly on it, therefore, H has only one end.
We now prove Theorem 0.3. First we need Theorem 0.2.
Doubling Sierpinski carpets
In this part, we prove Theorem 0.2. We follow some points of [11] .
Recall that the Sierpinski carpet is obtained from the unit square of the plane in a similar way than the cantor set from the unit interval of the line. Let us recall [16] : Let Σ be a Sierpinski carpet, then there is a countable collection of disjoint "peripheral circles", which are precisely the non separating topological circles.
Given a metric on Σ, and a number ǫ > 0, there are only finitely many peripheral circles of diameter greater than ǫ.
We assume now that a group Γ is hyperbolic relative to a family of subgroups G, and that ∂Γ is a Sierpinski carpet : ∂Γ ≈ Σ. We refer to the paper of M. Kapovich and B. Kleiner [11] for a similar study for hyperbolic groups. Proof. In [11] , the authors use the co-compact action of the space of distinct triples; we could not adapt this, but a remark on the expansivity of the action gives another proof. We fix a metric on Σ that is compatible with the topology. In [6] , we proved that the action of Γ is expansive on Σ (Proposition 3.18 in [6] ): there exists ǫ > 0 such that for any pair of distinct points x, x ′ of Σ, there exists γ ∈ Γ such that γx and γx ′ are at distance at least ǫ. Given ǫ > 0, there are only finitely many peripheral circles of diameter greater than ǫ. Let us note as well that every element γ ∈ Γ sends a peripheral circle on a peripheral circle, since they are precisely the non-separating topological circles of Σ, a property that must be preserved by homeomorphisms. By definition of expansivity, there exists ǫ > 0 such that any two point (in particular, on a same peripheral circle C) can be cast ǫ-away from each other by an element γ ∈ Γ. This element γ sends C onto one of the peripheral circles of diameter greater than ǫ. Lemma 3.5 Let C be a peripheral circle of Σ, and G < Γ its stabilizer. Then G acts as a convergence group on C. Moreover, any point in C that is conical limit point for Γ is a conical limit point for G.
Proof. The group Γ acts as a convergence group on Σ, therefore, the subgroup G of Γ is of convergence on C. Without loss of generality (up to conjugacy), we can choose C to be of maximal diameter in its orbit under the Γ-action. Let ξ be a conical limit point for Γ in C. Then there exists a sequence of elements γ n in Γ, and two different points a and b in Σ such that γ n ξ → a and γ n ζ → b for all ζ = ξ. Now note that γ n C ranges over only finitely many peripheral circles : if not, there would be a subsequence such that the diameter of γ n k C collapses to zero, and then for any point ζ in C, γ n k ζ would have same limit as γ n k ξ, which is not permitted. Therefore, there is a subsequence such that γ n k C is the same peripheral circle for all n k . Because it is closed, the points a and b are in this circle. We translate by γ −1 n 0 , so that γ −1 n 0 γ n k C = C for all k. The sequence γ −1 n 0 γ n k ξ converges to γ −1 n 0 a ∈ C and for all other ζ ∈ C, γ −1 n 0 γ n k ζ converges to γ −1 n 0 b ∈ C \ {a}. For all k, γ −1 n 0 γ n k is an element of G, because it sends C on itself. This proves that ξ is a conical limit point of C for the action of G. Lemma 3.6 Let C be a peripheral circle of Σ, and G < Γ its stabilizer. Then G is a virtual surface group, and it acts on C as a uniform convergence group.
Proof. From [8] , it is enough to prove the second assertion, and from [14] , it is enough to prove that C consists only of conical limit points. From Lemma 3.5, it suffices to show that Σ has no bounded parabolic point lying on a C, for the action of Γ. Assume the contrary: let ξ ∈ C be a bounded parabolic point for Γ. Let Stab(ξ) < Γ be its stabilizer. Since Σ is connected locally connected, and has no cut point, Σ \ {ξ} is connected and locally connected. Moreover, as Σ has no local cut point, there is a fundamental system of neighbourhoods of ξ, say U n such that each U n \ {ξ} is connected. Therefore, Σ \ {ξ} is connected at infinity, hence it has one end. As the group Stab(ξ) acts on Σ \ {ξ} properly discontinuously and co-compactly, we deduce that it has only one end, because the number of ends is invariant by quasi-isometries for length spaces. Now note that Stab(ξ) stabilizes the circle C, because two distinct peripheral circles are disjoint. Therefore, it acts properly dicontinuously and co-compactly on C \{ξ}, which is homeomorphic to the real line (hence it has two ends). This is a contradiction. Proof. Let G be the stabilizer of a peripheral circle C. The Lemmas 3.5 and 3.6 show that G acts as a uniform convergence group on C, which is clearly its limit set. This shows that G is quasi-convex in Γ (see Definition 1.2). It is fully quasi-convex because the limit set of a conjugate of C is another peripheral circle, and two distinct peripheral circles have empty intersection.
We can now prove a result which is analogous to a theorem of Kapovich and Kleiner [11] .
Theorem 3.8 Let Γ, G be a relatively hyperbolic group, whose boundary is a Sierpinski Carpet : ∂Γ = Σ. Let C 1 , . . . , C k be a set of representatives of the set of peripheral circles of Σ under the action of Γ, and H 1 , . . . , H k be respectively their stabilizers in Γ.
Let X be the graph of groups consisting of two vertices v 1 and v 2 , and k edges e 1 , . . . , e k each of them being between v 1 and v 2 . The group of the vertex v i is Γ, and the group of the edge e i is H i , the maps being the inclusion maps.
Then, the group π 1 (X) is hyperbolic relative to the conjugates of the images of the parabolic groups of Γ in both sides, and its boundary is homeomorphic to a 2-sphere.
The relative hyperbolicity comes from the Combination Theorem 1.3 (the acylindricity comes from the malnormality of the groups H i in Γ). The boundary of π 1 (X) is completely described (see [5] ) by the Bass-Serre tree, and the boundaries of each of the vertex groups : ∂π 1 (X) ≈ ∂T (Ω/ ∼ ), where T is the Serre tree, Ω is the disjoint union of the boundaries of the vertices stabilizers of T , and ∼ is the equivalence relation defined by the attaching maps between boundaries of stabilizers of adjacent vertices, induced by edge stabilizers. Here the relation ∼ consists in glueing each peripheral circle of a Sierpinski carpet on a peripheral circle of another Sierpinski carpet. From this characterisation, we deduce that, the boundary of π(X) is homeomorphic to the boundary of π(X ′ ), where X ′ is the graph of groups obtained from X by replacing the vertex groups by some hyperbolic group whose boundary is a Sierpinski carpet, and by replacing the edge groups by the stabilizers of the peripheral circles. The result of such a construction is proven in [11] (Theorem 5) to be a 2-sphere, therefore ∂Γ is a 2-sphere.
This proves Theorem 0.2, and even a little more since we learnt (Lemma 3.6) that the bounded parabolic points in a Sierpinski carpet cannot lie on the peripheral circles.
Parabolic groups acting on Sierpinski carpets.
We now prove Theorem 0.3.
Proof: Let Γ be a relatively hyperbolic group whose boundary is a Sierpinski carpet, or a 2-sphere. Let H be a maximal parabolic subgroup of Γ. By Theorem 0.2, H is a subgroup of finite index of a maximal parabolic subgroup of a relatively hyperbolic group whose boundary is a 2-sphere. Therefore we can assume without loss of generality that the boundary of Γ is a 2-sphere S 2 . By definition of bounded parabolic points, H acts properly discontinuously co-compactly on the complement of a point in S 2 , that is, on the plane R 2 . Since it is a proper action, the kernel is finite. The quotient is then a 2-dimensional orbifold with infinite fundamental group. It is known that it is either euclidean or hyperbolic. In both cases, the fundamental group is a virtual surface group.
We can complete the result by the following. Proposition 3.9 Let (Γ, G) be a relatively hyperbolic group. Let G ′ be the family of subgroups of Γ consisisting of the the elements of G that are not hyperbolic. Then, (Γ, G ′ ) is relatively hyperbolic.
The proposition is a consequence of a characterisation of D. Osin, Theorem 2.37 in [12] . We can deduce:
